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Wetting Front Instability
1. Theoretical Discussion and Dimensional Analysis

R. J. GLAss,' J-Y. PARLANGE, aND T, S. STEENHUIS

Department of Agricultural and Biological Engincering, Cornell University, Ithaca, New York

Highly nonuniform moisture and solnte transport in sandy soils has long been noted. A mechanism
for nonuniform transport is an instability in the infiltration fow itself, or welting front instability, When
a welling front becomes unslable, “‘fingers’ form and move down through the vadose zone to the
phreatic surface bypassing much of the unsaturated porous medium. In this paper a theoretical
framework for weuting-front-instability experimentation is developed through classical dimensional
analysis. Relationships belween system parameters and initialbonndary conditions and unstable flow
field behavior, as characterized by finger width and finger velocity, are derived, The scaling theory of
E. E, Miller and R. D. Miller {1956) is used 10 generalize these relationships to similar porous media
with diffcrent mean grain sizes and show the elects of coarseness and fluid propertics. Other
formulations for finger width, derived through lincar stability analysis, are examined to arrive at
passible functional forms not yielded by dimensional apalysis.

INTRODUCTION

The stability of an interface between two fluids in a porous
medium or in a Hele-Shaw cell across which a pressure
gradient is imposed has received continued attention from
the 1950s [e.g., van Mewrs, 1957, Saffman and Taylor, 1958,
Chouke et al., 1959] through the present [e.g., Stokes ¢t al.,
1986; Saffman, 1986; Homsy, 1987; Tanveer, 19874, b] due
to its importance in the extraction ol oil from oil-bearing
porous media. A special case of this problem is the stability
of the interface that forms when water infiltrates vertically
downward into an air-filled or unsaturated porous medium.
Here the interface is the well known wetting front that forms
due to the nonlinear dependence of the hydraulic propertics
with moisture content (or pressure). Wetting front instability
is driven by gravity and stabilized by surfacc tension which
arises through capillarity within the porous media, While
conceivably quite important, wetting front instability has
reccived only sporadic attention as a mechanism for nonuni-
form water and solute transport.

Analysis of wetting front instability is difficult due to the
highly nonlinear behavior of the governing equation [e.g.,
Richards’ equation) for unsaturated flow through porous
media. Extension of Saffman and Taylor's [1958] and
Chouke ¢t al”s [1959] analyses, however, has predicted
instability for an increase, continuous or not, in the saturated
hydraulic conductivity with depth; unsaturated infiltration;
an increase in the initial moisture content with depth: and
wetting Troitt movement from a wetting horizon into a less
wetting horizon [Hill and Paviange, 1972; Raais, 1973;
Philip, 1975, Tamai et al., 1987; Hillel, 1987]. Thesc condi-
tions arc extremely widespread. The condition of an increase
in conductivily with depth alone is present along much of the
castern seaboard of the United States, in river valleys of
postglaciated rcgions, within the layered tufl deposits at the
proposed high level nuclear waste repository at Yucca
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Mountain, Nevada, and elsewhere, While observation of
fingering in the ficld using traditional field mcasurement
technigques is extremely unlikely, the infiltration of water
containing visible dyes as tracers followed by careful exca-
vation of the site has shown fingering to occur in Connecticut
|Starr et al., 1978, Starr et af,, 1986] and on castern Long
Island, New York [Glass et al., 1988]. Van Omunen et al.
[1988], Hendrickx er al. [1988], and Van Onunen and
Dijksma [1988] have obscrved fingers in the Netherlands
using a new visualization technique they developed that uses
iodide as a tracer. Upon excavation, exposed faces of soil
are treated to turn areas containing the tracer blue.

Fingering was noted in a number of early laboratory
experiments (e.2., Tabuchi, 1961; Miller and Gardner, 1962
Peck, 1965; Smith, 1967] but it was not related to its cause:
instability. There have becn five reported laboratory studies
specifically designed o cxamine wetling front instability;
Hill and Parlange [1972] for layered soils, White ¢t af, [1976]
for air pressure increase in front of the wetting front, Diment
and Watson [1985] for both layered soils and redistribution
following infiltration under different vniform initial moisture
contents, Glass [1985] for layered sands and repeated infil-
tration ¢vents in Jayered sands, and Tamai et al. [1987] for
redistribution following infiliration in glass beads.,

The development of the unstable flow field in time and
over sequential infiltration events is quile complex. As was
demonsitrated first by Hifl and Parlange [1972], for dry initial
conditions, fingers have a distinct moisture content structure
consisting of a wct core surrounded by dry media (see
Figures la and 16). For thesc conditions Glass [1985]
observed the width and velocity of finger propagation in
initially dry porous media to be affected by the flow rate
through the finger. The higher the flow rate, the wider and
faster the finger. With continued steady infiltration for long
periods alter lingers reach the bottom of the chamber, Glass
documented a slow sideways flow of moisture from finger
core arcas into the dry sand on either side until the chamber
is entirely wet. The laterally moving wetting fronts, how-
ever, are at a much lower moisture content than the finger
core areas, and, after lateral movement subsides, finger core
areas persist as conduits for the majority of the flow (Figure
1c). With subsequent infiltration cycles, it is found that flow
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Fig. I. A scquence of pholographs of an experiment of Glass [ 1985] demonstrating finger persistence in a fine- over
coarse-layered sand system. The vertical chamber is 30 X 80 x 1 ¢cm with the fine layer at the top of the photograph.
Figures la and 14 show the downward moventent of fingers in the initially dry bottoin layer. In Figure 3e, after 24 hours
of steady infiltration, while the chamber is everywhere wet, flow remains concentrated in the original core areas. Ina
subsequent infiltration event, Figures Id and le demonstrate the continued persistence of the original fingers. The
wentity of the core areas between the two cycles is further cmphasized in Figures 1fand 1g which show the movement
of a dye pulse through the chamber in the second infiltration eycele.
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remains concentrated in the same core arcas where fingers
first formed thus demonstrating the persistence of fingers
from one infiltration cycle to the next (Figures 1d through
lg). If the experimental chamber is then artificially saturated
and drained to field capacity, another infiltration cycle shows
the core arcas to disappear. Inhiltration into this uniform
moisture content field near field capacity appears instead to
be unstable at a wavelength an order of magnitude longer
than in the initially dry sand {on the order of the chamber
width). This result is also indicated by the study of Dimens
and Warson [1985] in sands wet below ficld capacity, The
numerical study of Dimemt and Warxon [1981], however,
indicates that infiltration into uniform moisture content ficlds
of above 0.05 ml/ml are stable,

The purpose of the current rescarch into the phenomenon
is 10 further clarify the welling front instability process
through systematic experimentation. Two questions must be
addressed: (1) Under what circumstances does wetting front
instability occur, and {2) How can the behavior of an
unstable flow field be described? Of particular interest are
the propertics of fully formed fingers, as they quickly dom-
inate the unstable ftow field, persist from one infiltration
cycle to the next and influence solute transport greatly.

In this paper, ditnensional analysis provides the theoreti-
cal framework for the experiments carricd out in paper 2
[Glass er al., this issue]. We begin by listing and briefly
discussing the systemn parameters, Dimensional analysis is
applicd at two distinct seales, the ““finger scale’™ and the
“‘chamber scale.’™ At the finger scale. formulations are
derived for finger size (width or dinmeter) and velocity as
functions of porous media propertics and initial/boundary
conditions. The scaling theory of Milfer and Milter [1956] is
used 1o predict the role of surface tension, contact angle,
fluid wviscosity, and mcan grain diameter in determining
finger size and veloeity. At the larger chamber scale, form-
lations for finger size and velocity are again derived. The
formulation for Anger size at the chpumber scale is compared
with those found through lincar stability analysis by Philip
[1975] as corrected by White et al. 11976] and by Parlange
and Hill (1976].

UNSTABLE I'LOW FI1ELD BEHAVIOR AND SYSTEM
PARAMETERS

Unstable flow ficld behavior is to be described as a
function of composite system variables and the initial/
boundary conditions. Observable variables that may be used
to characterize the behavior of the unstable flow field include
the number of fingers and their cross-sectional area (or width
in two-dimensional systems), average moisture content,
pattern of spacing and propagation velocity, as well as the
flow into and through individual fingers. Since the prelimi-
nary work of Glass [1985] found finger width, propagation
velocity and the flow rate into and through an individual,
fully developed, isolated finger not to vary with depth, these
observables arc considered properties of a given isolated
finger.

The system parameters are given in the appendix. The first
1wo groups of paramcters, physical properties of the porous
medium and fluid properties, affect their compasites in the
third group. the conductivity K(#) with units of (L/T], Nuid
pressure potential characteristic relation (&) [ L], diffusivity
DO [LYT], and an integral capillary property, the sorptivity
S(L/T", all of which are functions of the moisture content
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o1 LY LY. In order to vary the composite propertics of porous
media systematically, the parameters in the first two groups
are varied.

The fourth group, heterogeneity in hydraulic propertics,
can influence both the stability of a system and the unstable
flow ficld behavior. This influence can be seen clearly in the
photographs presented by fhill and Parlange [1972] and
White er al. [1976). Diment and Warson’s [1985] study with
mitially wet and initially dry sand used different packing
procedures for the different moisture eontents that may have
resulted in different heterogeneity structure. It is conceiv-
able that the type, “intensity,” and length scale of hetero-
geneity could be systematically varied and its inflilence on
wetling front instability characterized, Experimentation in
the absence of heterogeneity, however, is crucial for under-
standing the effect of the other system variables and is of
primary concern here.

As in Rayleigh-Taylor instability, the occurrence and
dimensionality of fingering 1s linked to the macroscopic
scales of the flow field (the ffth group). The phenomenon can
be forced to be two dimensional by constraining the flow
ficld in one of the horizontal dimensions to be less than the
dimension of the smallest of the fingers. A one-dimensional
flow field can be forced if the second horizontal dimension is
likewise constrained. The width of fingers is influenced by
the properties of the layer in which they form and by the
initial and boundary conditions. Just because fingers do not
form at a given scale does not imply that fingers cannot form
al a larger scale, i.c.. in a wider chamber, Thus chamber
width must be considered as a stability parameter,

Parameters in the sixth group describe initialboundary
conditions. In nature, nonuniform initial moisture content is
probably the rule rather than the exception as is nonuniform
flux or pressure at the surface both in time and space. The air
pressure in front of the wetling front is another crucial
stability parameter as it influences the infiltration rate. As
discussed above with respect 1o heterogencity of hydraulic
properties, experimentation in uniform initial moisture con-
tent fields, with uniform flux at the surface in both time and
space without the buildup of air pressure in front of the
welling front is a necessary first step in clarifying the
fingering process.

DIMENSIONAL ANALYSIS AFPLIED AT THE TFINGER SCALE

Dimensional analysis will be used to help both design and
interpret experimentation in wetting front instabitity. Tully
formed fingers are studied and their properties of width and
propagation velocity are related to initiailboundary condi-
tions and properties of the porous medium in which they
form.

Consider a fully formed finger moving through & semi-
infinite, homogeneous, isotropic porous medium (Figure 2).
The top boundary condition may be characterized by the
average flux into the finger, ¢, [L/T]. given by

gy = Q’:/AF “)

where @, is the flow into the finger [LYT] and A, is the finger
cross-sectional area [L7]. We will scale ¢, by the maximum
flux possible under unit gradient. given by the saturated
conductivity, K,, yiclding the dimensionless flux-conduc-
tivity ratio Rp

Ry = q)/K; 2
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Fig. 2. Drawing of an idealized two-dimensional finger in a
sermi-infinite isotropic homogeneous porous medium. Initial mois-
ture content is A, The finger has an average moeisture content, &,
and width o, propagating downward at a velocity v. The flow rate
into the finger is (..

The initial condition will be taken as uniform moisture
content, #, and be incorporated into the parameter (8, — &),
where 8, is the saturated value of the moisture content. Here
(8, — 6) represents the maximum volume of pores which
may be filled.

For the propertics of the porous medium, we choose from
the composite properties of K(8), ¢48), and D(6). The choice
of propertics and dimensionless groups is guided by the
nondimensionalization of the ftow equation,

Nondimensionalization of Richards' Equation

Flow through a rigid, nonrcactive, porous medium is
assumed to be governed by the Richards’ cquation [Rich-
ards, 1931]

alor =V - [K(HVy] — aK(ovoz 3)
where 7 is time [7] and z[L] is 1aken positive downward.
Richards’ equation has been demonstrated to model well the
imfiltration of water into unsaturated porous media for arbi-
trary initial moisture contents including dry conditions [e.g.,
Brooks and Corev, 1964]. Since finger tip movement is a
wetling process and water is being supplied at the top of the
layer to the finger under suction, the maximum valuc of ris
denoted ¢, an cffective water entry value for the layer,
The diffusion form of £€3) may be written

agtar = Vo [DIMVE — aK(O)az (4)

for D(G) = K(0) dyA0)/d0. The first term on the right-hand
side of cach of (3) and (4) embodics movement due 1o
capillarity and the se¢c¢ond movement duce to gravity. While
cither form of Richards’ equation may be nondimensional-
ized, we choose to work with (4).

Each of the dimensional variables in (4) s nondimension-
alized by a characteristic value. The characteristic values
laken should embody these that occur in the problem. The
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finger width (or diameter), o, is taken as the charactenistic
macroscopic length scale. For a finger moving down through
homogeneous unsaturated porous media, the conductivity
may vary from K(#) to K(8,), where 8, is the average
moisture cortent within the finger core which may be close
to the saturated value £, The pressure head may range from
dAB) 10 {0,.), where 46} may be as high as ¢ . and the
diffusivity from D() to D{,.,) which may be very large,
Since the nonlinear shapes of the forms of K(8) and IX0)
cause most of the unsalurated flow behavior to be concen-
trated at the high end of ¢, we take the characteristie
moislure content as 6.

The characteristic value of the conductivity is taken as K.
where K, is K(#,). K parameterizes the effect of gravity, To
represent capillarity, we choase the sorptivity, S, as it is the
relevant integral property of the porous medium that param-
cterizes the movement of water due to ¢apillary action in the
absence of gravity. In addition, §is well defined compared to
the soil water diffusivity. The approximate formula of Par-
tange [1975] gives S as

[
si= f 0+ 8- 26) D do (5)
LA

The subscript £ denotes that S is evalunted for the upper
bound of the integral in (5) of 8, the moisture content within
the finger core. The sorptivity is scaled by (8, — #), since the
volume of porous media enters in £2 and the volume of water
in 8. So we use S0 — 0)° to obtain a dimensionless
diffusivity.

Dimensioniess variables are now defined and denoted by a
subscripted star

8, = {0 — &)~ 8) {6a)
V.= d¥ (6b)

Ki(8,) = K(0,)Ky: (6¢)
D.(0.) = D{0) (0 — 0)°1S} {6l
1. = i1SHd0p — 8)] {6¢)

The nondimensional form of (4) then is
@i, =V » D(0IV0. — NoK. (002, (7}

where N is a dimensionless parameter that weighs the effect
of gravity to that of capillarity given by

N =K; (8 — 0) dIS- (®)

N is a function of initial moisture content, #. Note that 0,
also affects S through the lower limit of integration tequa-
tion (5)). In addition, & may also effect 0, and thus K., due
Lo air entrapment,

Since we do not know @, a priori, we wish to remove it
from (8) in order to estimate N. Experimental evidence
indicates that 8, is approximalely cqual to 0, [Hill and
Parlange, 1972 Glass, 1985]. Since K8y — 0,/SEis a weak
function of 0 for 0 ncar 8., we will replace 0 by 8, to
estimate N in (8). Thus we approximate N by

N = K. d(g, — 0)18° (%)
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where the upper limit defining § is now @,. Note that this §
would be the value obtained from a horizontal diffusion
experiment where @ at the supply side would be 8, but the
pressure there would be ¢h.. Thus the value of § we use is
different from the traditional value §, obtained from the
same cxperiment with the supply pressure at zero,

Since wetting front instability is driven by gravity and
stabilized by capillarity, N is a natural choice for a dimen-
sionless grouping of the relevant system parameters and will
be referred to as the gravity-capillarity ratio.

Finger Width

Finger width o will be considered a function of character-
istic values of the relevant system parameters K, and §, and
initial/boundary conditions 8, and g,.. Since two dimensions
arce represented, 7. and T, three independent dimensionless
groups can be formed. The first dimensionless group is
{8, — 0). This group serves as a conversion factor between
volume {or length) of watcr and volume (or length) of porous
medium. The sccond dimensionless group is R, the fux-
conductivity ratio. The third group originates from the
nondimensionalization of Richards’ equation and is the
gravity-capillarity ratio, N. Following the formalism of di-
mensional analysis, N and R,. are related

N = f4r(Rp)

where f,- is an, as vel, undetermined function of R,
Substituting for N and solving for o gives

(10

-2

b
d = ————— fur(Ry)

©, - 0K, b

The form of £, must be determined through experimentation
or derived through analysis. As stated carlier, due to the
highly nenlincar nature of the phenomenon, analysis is
expected to vicld only approximations and carcful experi-
mentation is nceded to properly describe the function f,,..

If £,-{0) is finite, then d should go to a constant given by
LAMSH(0, — 0)K ]. Obviously, f,{0) means the limit of f,,,-
for Ry > 0 but very small. As R,- approaches |, d becomes
infinitely large, since the flow is pecessarily one dimensional,
Here f,- may also be expecied 1o have a slightly different
functional form in two and three dimensions where d in
two-dimensions would correspond to the width of a finger
while in three dimensions d would correspond to the diam-
cter of a cylindrical finger.

Finger Velocity

Finger propagation velocity v will depend on the same
system parameters as finger width. To incorporate v, a
dimensionless veloeity-conductivity ratio, R,.p, is defined as

Ry = (6, — 0K, (12)

R should be a function of the dimensionless groups N and
R,-but since N is a function of Rp, Ry,-is a function of only
R

Ryr = f.ARF) (13)

Here f,- is again an as yet undcetermined function of Rg.
Substituting for R, and selving for v gives

K.‘
v= —bf—)ﬂ‘F(RF)

= (4
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As before, f.,- must be determined primarily through exper-
imentation.

Application 1o Similar Sands

Equations (11} and (14) for finger width and velocity
respectively may be extended through the concept of similar
porous media fow systems. This study shows explicitly the
effect of the mean grain size and fluid surface tension,
viscosity, and density on finger width and velocity for a
family of similar porous media. In terms of (7), the concept
of similarity between two porous media flow systems de-
mands that K.(0.), {6, and thus D (0.) be identical
functions with their scale factors incorporated into N, the
gravity-capillarity ratio. Therefore relationships derived be-
tween N and Ry from dimensional analysis are expected to
apply to two porous media where K.(6,), 4.(0,), and D.(6..)
are the same.

The functional forms of K.(0,), ¢.(0.), and D .(6,) depend
on pore-size distribution, shape, and connectivity. Grain
size distributions that scale logarithmically and are packed 1o
the same bulk density, are *“*similar™ in the sense of Miller
and Miller [1956], Miller and Miller's analysis may be used
to scale K, and 52 and thus R, Ry, and N by

K, = (pen K (15
§2 = (omip)S2 (16)
Re = pqplipem®K, ) (17
Ryp = p(0, — 8)vitpgm*K, ) (18)
dK (0, — )
AN= 2pg ;52_.__' (1%
o &

where K, and $2 are dimensionless numbers, p is the uid
density [M/L3], pis the Nuid dynamic viscosity [M/LT], o is
the Auid surface tension [M/T?], g is the gravitational con-
stant [LiT*), and m is a microscopic length scale of the
porous medium [L'] (equal to the geometric mean grain size,
for instance). The scaling of N and R shows that d will scale
by 1/m and g, will scale by m? so that @m and g,/m* must be
the same for similar flow behavior. Equation (11) may be
written more generally as

o Si

d= pem Konl0, = 0) Jur(Ry)

(20}

Equation (20) states that for a family of similar sands and ¢,
chosen such that g/m? is a constant, the product of  and m
is a constant. As m decreases,  increascs, i.e., fingers will
be wider. The velocity may also be scaled yielding

2 K'n-
L.zngm__%.__)ﬂp(fe,-) 2n

M (05 -
Equation (21} shows the velocity to scale by m* so that for
¢ /m? a constanl, the ratio of v to m” is also a constant,

In the Miller scaled form the effects of o, p, and p also are
seen on finger size and velocity. An increase in the ratio ofp
will decrease N and increase the finger width for a given R,
The ratio w/p which is defined as the kinematic viscosity
affects both the variable R and R, such that for m*R,. or
R\, a constant, respectively, gep/p or v(8, — 0)u/p must
be the same, respectively, -
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DIMENSIONAL ANALYSIS APPLIED AT THE CHAMBER
Scale

While (11) and (14) apply to individual fingers, often it is
the flux through the entire system instead of the flux through
the finger that is known, Therefore it is of use to extend the
above analysis from the finger scale to the larper chamber
scitle, We define the system flux-conductivity ratio as

Rs = qs/K, (22}

where ¢ is the flux through the system or into the layer [L/T]
and K| is the saturated conductivity within the homogencous
layer of interest. In general, g is a function of time and may
be calculated given the hydraulic properties between the
tocation of the top boundary condition and the point of
interest, the imposed boundary condition and the initial
conditions. In the casc ol a two-tayer system with a fine layer
overlying a coarse layer. the flux through the top layer
becomes a constant once the wetting front has passed into
the bottom coarser layer and fingers have formed [Hiill and
Parlange, 1972].

Writing the average gravity-capillarity ratio, N, for the
average finger width, ., and the average velocity-
conductivity ratio R, for the average finger velocity, 7, we
have

N = f5(Rs) 23
Ryy = f(R) 24)
where [, and f | have yet to be determined. Thus
N §?
d = mfu.‘.([\’_y} (2%
o= *-L_f-s(R.y) (26}
(8, - 8)"
and the Miller scaled form of (25) and (26) are
PR (N @7
pem K 0, —~ 0577
o= fﬁ} wf%mf,sum (28)
where Ry is scaled as
Ry = [.t(j\l'pym:]\/‘,, 29

R, can be related to B, now defined using the average ftux
through the fingers that form in the chamber, g, by

Ry = fRy (30)

B is defined as A /A, where nis the number of fingers, A,
is the average cross-sectional area of the fingers (or width in
two dimensions), and Ag is the cross-sectional area of the
system (or width in two dimensional flow). Note that Sis a
function of R, as shown in paper 2.

In terms of a two-layer system, R essentially character-
izes the perturbation level due to the change in conductivity
across the lextural interface. As we show in the next section,
relationships derived from linear stability analysis for d may
readily be written as functions of Ry and thus give insight
into the possible form of f,(R.).
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ReLaTioNsine BETWEEN FORMULATIONS DERIVED
THROUVGIT DIMENSIONAL ANALYSIS AND THE RESULTS
OF LINEAR STABILITY ANALYSIS

An average finger width or diameter is often obtained
through linear stability analysts by finding the most rapidly
growing wavelength [Drazin and Reid, 1981), The studies of
both Philip [1975] and Parlange and Hill {1976] obtained
finger widths in this way and may be manipulated into the
form of (25). Lincar stability analysis, however, is only valid
for infinitesimal disturbances. There is no guarantee that the
wavelengths that initially grow the most rapidly end up
giving the dominant finger width, especially in a highly
nonlinear system.

Philip [1975] derived an equation for finger dizmeter using
the Green and Ampt model of infiliration. While Philip's
equation lacks reference to the propertics of the porous
medium. it does yield a relation for f,;. His equation (30}
may be rewritten for the e¢xpected two dimensional finger
width ., as

dpy = w[3eripe )] 3D

where Jis the pressure gradient at the wetting front given by
the Green and Ampt equation. While this equation should
apply 1o Hele-Shaw cells, it does not apply directiy for
porous media, White et al. [1976] corrected Philip’s equation
for flow in porous media to d,,

la 12
d,. =7 ——
! ”[(pmo, - 0,)}

For ¢, constant (32) may be rewritten in the form of (23) by
noting

(32)

J=1—qJK, =1 Ry (%)
to give
o 12
dy = ﬂ[m} {3d)

The analytical study of Parlunge and Hill [1976] uses a
relationship between the velocity of a sharp front and that of
a difftuse front (due to capillary forces) 1o calculate the width
of a finger assuming the finger is saturated, They derived the
following approximation (their equation (19)) for the width of
& two-dimensional finger, o,

s’

T 0, = Wik, - Vi, - 0]

dp (35)
Here Vois the velocity of the wetting front if it were stable.
This cquation may be easily written in terms of Ry, since the
flux through the system is V{6, — ¢). yielding

ns?

- 1
= B = 00 = Ra) (36)

Equation {36) is in the form of (25,

Comparison of (25) with the cquations obtained from
White et al."s [1976] and Partange and Hill's [1976] analyses
yield f,dRg) as £, (1 — RY', where nis ~1/2 and -1,
respectively. Tor R going 1o zero. we expect o to go o a
constant given by £ (0OSY[K (8, — 0] which is also shown
by Parlange and Hill's form with f,((0) as 7. In the case of
White et al.’s form this constant would be =n[3da/pe
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(6, — 8)1'%, which, apart from 8,, is independent of the
properties of the porous medium,

DiscussioN

Once f,ARp) or f,4(R,) is known, (11) or (25) may be used
very simply to asscss the stability of the system, Here d may
be calculated for the particuiar porous medium comprising
the system. For d less than the width or diameter of the
system, Lg, instability is expected, while for 4 greater than
or equal to the system width, stability is expecled. Using (11)
and (25),

S0, —~ 8K, urRE) = Lg or S8, ~ 0)K.Jus(Rg) = Ls
a7
is the condition for stability.

The Miller scaled forms of the equations for d and v are of
great use in gencralizing the analysis, and also offer an
eflicient route for experimental verification of the formula-
tions obtained for ¢ and v. The dependence of d on mean
grain size m of the porous medium is such that the coarser
the porous medium, the smaller the minimum finger width
that can occur. This may explain why fingering has been
noted only in ¢oarse sands whose minimum finger size is
most likely to be less than the size of the experimentat
chamber. For fine sands the minimum finger size is probably
larger than the size of most experimental chambers. Changes
in fluid propertics should also affect finger width and veloc-
ity. For instance, the addition of chemicals to the water
which decrease the surface tension should decrease the size
of the fingers.

On the finger scale, finger width should increase as the
flow rate through a finger increases, This is supported by the
formulas at the system level of both Parlange and Hill [1976]
and White et al. (1976] which predict the width of a finger to
increase with an increase in the flux into the system. While
the experiments of Glass [1985] indicated this 1rend, the
experiments of Hill and Parlange [1972] did not. In a change
in R¢ from 0.075 to 0.1, Hill and Parlange instead found the
number of fingers to increase, while the width and veloeity of
the fingers that formed were essentially the same.

The diserepancy between theory and the results of Hill
and Parlange [1972] is likely to be a result of the influence of
heterogeneities. The theory is developed for isotropie and
homogeneous porous media. In the laboratory, isotropy and
homogencity are extremely hard to oblain and verify. In
fact, the photos presented by Hill and Parlange show heter-
ogeneities clearly and their effeet to cause finger merger near
the top of the botiom layer, finger meandering and uneven
finger sides. While heterogeneity is an ever present part of
the landscape, an experimental study of wetting front insta-
bility in isolation from its complicating effeet is essential to
understand the basic phenomenon,

CONCLUSION

Through dimensional analysis we have derived expres-
sions for finger width {or diameter) and finger veloeity that
are functions of porous media propertics and initial/
boundary conditions. Miller scaling of the expression for
finger width predicts the width to increase as a porous
medium becomes finer. In addition, both the formulations of
Parlange and Hill [1976] and White et al. [1976} predict
finger width to increase as the flow through the system
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increases, Instability thus depends on both porous media
propertics and the flow rate through the system. It is not
surprising that fingering has been noted in the laboratory
primarily in coarse sands where %K (0, — 8,) will be small,
while for fine-textured soils, the finger width may be on the
order of 1 m or more,

Given that application of the linear stability theory of
Saffman and Taylor [1958] and Chouke ¢t al. [1959] 10
welting front stability has predicted instability for many
infiltration situations that naturally occur and the fact that
previous experiments have yiclded results that contradict
the theory for homogeneous soils, the need for well designed
experiments followed by the reevaluation of theory is criti-
cal. In paper 2 [Glass et al., this issue] we present the results
of careful experiments designed and executed with special
emphasis on isotropy and homogencity in porous media
propertics. Quantification of the relations derived through
dimensional analysis between finger width and velocity and
system parameters is accomplished for a particular porous
medium. These relations are then compared with the formu-
lations derived through linear stability analysis.

APPENDIX: SYSTEM PARAMETERS

The physical properties of the porous medium are (1)
mean grain size/pore size (microscopic length scale); (2)
grain size/pore size distribution about the mean; and (3)
distance between grains/bulk density/porosity.

The fluid properties of the porous medium are (1) surface
tension; §2) viscosily; (3) density; and (4) contact angle
between liquid, gas, and porous media.

The composite hydraulic propertics of the porous medium
are (i) conductivity, K(8); (2) fluid potenlial characteristic
relation, J{6); (3) diffusivity, D(8); and (4) sorptivity, §.

The heterogeneity of hydraulic properties of the porous
medium are {1) type; (2) "intensity’’ or level; and (3) length
scale of helerogeneity.

The macroscopic length scale of porous medium flow
system includes vertical thickness and horizontal cross
section (controls finger dimenstonality) three dimensional;
forced two dimensionzl; and foreed one dimensional).

The initial/boundary conditions of the porous medium are
(1) initial moisture eontent, 8;; (2) flux or pressure supplied at
top of system; and (3} air pressure ahead of the wetting front.
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