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Ab t. Three-di ional fingers d by gravity driven, wenting front instability in unsaturated
porous media were explored through laboratory experimentation. Two sels of experiments were
conducted using initially dry sand in large 30 cm diameter columns to guide analytical development for
finger velocity and diameter. The first set consisted of ponding water on a two-layer sand system with
a fine sand overlying a coarse sand. Here, a complicated pattern of interaction among fingers was
found to occur. In the second set, water was applied directly 1o the coarse layer as 2 cm diameter area
sources, enabling systematic siudy of individual finger structure. Based on dimensional analysis and
the experimental results, general relationships were found for finger velocity and cross-sectional area
as a function of both the flux through the finger and hydraulic properties of the coarse layer represented
by the sorptivily, saturated conductivily, and initial and salurated moisture contents. Unlike the iwo-
dimensional case, air entrapment was an important factor in explaining the experimental results.
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1. Introduction

The subsurface transport of water and contaminants through the unsaturated and
saturated zones has been found to be extremely variable in time and space. To
explain the spatial and temporal distribution of solutes in these zones, much
emphasis has been placed on spatial variability in hydraulic properties and in
‘macropore flow’ through cracks, animal burrows, or root holes., However, another
factor contributing to transport variability may be flow instability.

A wide variety of instabilities and fingering patterns may occur in porous media.
Most often the instabilities are driven by either viscous or gravity forces, or
both. In viscosity-driven instability (for a recent review, see Homsy, 1987), the
displacement of one fluid by another of different viscosity is found to be unstable
when the less viscous fluid displaces the more viscous fluid at a sufficiently high
displacement flow rate. When this instability occurs (often termed viscous finger-
ing) fingers form, causing the bypass of a large volume of the porous medium. If
the two fluids are immiscible, surface tension between the fluids within individual
pores is found to have a stabilizing influence when the medium is wettable 1o the



248 ROBERT J. GLASS ET AL.

invading fluid. For miscible fluids, diffusion and hydrodynamic dispersion at the
front play a stabilizing role. Stabilization by these mechanisms resiricts the range
of wavelengths that are unstable and thus influences siability criteria.

In hydrology, where gravity is often the major driving force, gravily-driven
instability has many examples. Any time a more dense fluid overlies a less dense
fluid, an instabilily may result through which the fluids are overiurned. Examples
are ubiquitous including heavy contaminants such as halogenated organic solvents
released above the waler Lable and salt water layered upon fresh water. Ajain,
a3 in viscosity-driven instabilities, the instability is restricted to wavelengths above
a lower threshold by capiltarity and diffusion/dispersion processes operating al the
fluid-Auid interface for immiscible and miscible fluids, respectively. it is interesting
1o note that diffusion itself may play a destabilizing role when more than one
component that affects Auid density is present in a system (Green, 1984; Turner,
1985). There, if two or more components diffuse at different rates, gravity-driven
instabilities in multi-component systems may occur. Such ‘multicomponent con-
vection' processes may be important in understanding fiuid and contaminant trans-
port and mixing processes in mulli-contaminant systems.

A simple situation where gravity-driven instability can cause fingers to form is
the downward infiltration of liquid into a gas-flled, or unsaturated, homogeneous
porous medium. The linear stability analysis of Saffman and Taylor (1958) suggests
that the Liquid-gas interface will be unstable if its velocity is less than the saturated
Liquid velocity of the medium. The inclusion of capillary effects at the interface
resiricts unstable wavelengths to be above a minimum threshold dependent on the
properties of the medium (Chouke er af., 1959; Parlange and Hill, 1976). From
the point of view of bydrology where horizontal length scales are not restricted,
polentially unstable circumstances commonly occur and the instability has been
termed ‘welting front instability’.

Wetting front instability has been observed experimentally in both the laboratory
(¢.g., Tabuchi, 1961; Miller and Gardner, 1962; Peck, 1965; Smith, 1967; Hill
and Parlange, 1972; White ef af, 1976; Glass and Steenhuis, 1984; Diment and
Watson, 1985; and Tamai er af., 1987) and in the field (c.g., Starr er al., 1978,
Starr er al., 1986; Glass er al., 1988; van Ommen et af., 1988; Hendrickx et al.,
1988, and van Ommen and Dijksma, 1988). Most recently it has been studied
experimentally in thin slab chambers (1 cm or approximately 10 mean grain sizes
in thickness) that force macroscopic two-dimensional flow in initially dry porous
media (Glass er af., 1989b,c). The development of new techniques for visualization
of the moisture content within such thin slab chambers has allowed understanding
of the basic mechanism of finger persistence (Glass ef af., 198%c). While results in
two dimeasions are important for checking theory and in advancing the under-
standing of the phenomenon, exploration of wetting front instability in three-
dimensional systems is crucial for obtaining results applicable in the field. A three-
dimensional study poses experimental difficultics above those in two dimensions.
Because fingers in large diameter columns form within the porous medium and
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cannot be seen from the sides of a chamber, the measurement of finger veloaties
and cross-scctional arcas or dismeters is much more difficuls than in 1wo-dimnen-
sional experiments.

This paper presents the results of experimental studics that explore wolling
front instability in large-diameter columns where full three-dimensional behavior
occurs. Two sets of experiments are carried out. Lo the first sc1, the effect of the
fow rate through the system on unstable flow field behavior in initially dry sand
is cxplored. Flow rate is varied through the texture of the top, lower conductivity,
layer. In a second set of experiments, individual fingers are simulaled directly
from area sources (o delermine accuralely relationships between the finger proper-
tics, porous media properties, and the flow rate through individual fingers in
initially dry sand.

2. Theory

Unstable flow ficld behavior as defined by finger width (or diameter in our case)
and finger velocity may be related through dimensional analysis to relevant system
parameters (Glass e1 al., 1989a). Finger diameter, 4, in an isotropic and homogene-
ous porous medium is shown 10 be 2 function of the layer properties, the initial
moisture content, 8, and the top boundary condition given as the average flux
entering the individual finger from above, g5 . The value of g is given by the flow
rate through an individual finger, Q», divided by the cross-sectional area of the
finger, A. The layer properties selected through a nondimensionalization of the
Richards' Equation are lhe saturated conductivity, K,, and the square of the
sorplivity, 5%, where § is evaluated between 6, and the saturated value of the
moisture content, 8, corresponding 1o a polential of .., the water entry valus.
The ratio of K, and §? divided by (8, — 8,), vi¢lds a length scale that embodics
the ratio of capillary to gravity forces and thus is a relevant scaling facior for the
finger diameter. Therefore a dimensionless parameter, the gravity-capillarity ralio,
N, is defined as

N_dK,(B.—B.! (l)
= & .

The average fux through the finger, ¢x, divided by K, of the layer yiclds a second
dimensionless parameter, Ry, termed the flux-conductivity ratio

R, =% @
which should also influence finger width. Through dimensional analysis it may be
shown that N must be a function of R, and 50 d is found to be

= §* R (3)
4= - ayr, )

where fue is a function of Ry not yiclded by dimensional analysis.
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To oblain a similar relationship for the finger velocity, v, a third dimensionless
parameter, the velocily-conductivity ratio, Ry, is defined

Ryp= ﬂﬁlx;@ 4)

and because N and R, are related by Equation (3), dimensional analysis shows
Ry» 10 be a function of Ry as well

K,
(gl - 61)

where f, 5 is a function of Ry, again not given by dimensional analysis.

Equations (3) and (S) are gencral and are not dependent on the dimensionality
of the fingers. The functions f,{Rs) and f,.{(Rs), however, may have different
forms in two or three dimensions where d in two dimensions would comrespond
1o the width of a finger while in three dimensions d would correspond to the
diameter of a cylindrical finger. The functions f,{Rs) and £ ,{Rs) may be found
through either analytical or experimental approaches. Analytical approaches 10
determine these functions are founded on linear stability theory and thus approxi-
mate reality (e.g., Philip, 1975; and Parlange and Hill, 1976 for the 1wo-dimen-
sional case). Becaus¢ it is often difficult to choose the proper approximation when a
phenomenon has not been adequately described experimentally, the experimental
approach is imponant for guiding analytical development. Such a combination
was used for the two-dimensional case 10 show correspondence between analytical
and experimental results for fo(R,) (Glass et al., 198%b).

The stability of a given threc-dimensional, vertical infiltration system depends
on the expecied finger diameler calculated for the layer and the maximum
horizontal dimension of the system. If the finger diameter is l¢ss than the maximum
horizontal system dimension, then instability is expected; otherwise the system is
stable. So, for N calculated with L,, the maximum horizontal sysiem width, substi-
tuted for d, Equation (3) yields

N <far(Ry) (©

for stability. The application of (6). however, is difficult as it is the flux through
the system that is usually known and not the flux through individual fingers. In
very homogeneous systems, Glass er al. (1989b) found that (or the two-dimensional
case, fingers that form with a given Aux through the system, gy, will have very
similar flow raes and cross-sectional areas; thus, the average flux through a finger,
4, and gy may be related by

9= B4qs Y]
B is defined by AginA, where A is the number of fingers, Ay is the average finger

cross-sectional area, and Ay is the cross-seciional area of the system. B is simply
the reciprocal of the fractional cross-sectional area of the chamber in fingers and

f.R) (5)

ym
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will itself be a function of g that must be found experimentally. For homogencous
systems, (6) may be applied after B has been determined. In more helerogeneous
systems, where all fingers may eventually merge into one, (6) may be betier
applied with Q, substituted for O

Thus N, Ry, and Ry parameterize both stability and finger properties through
the relations in Equations (3), (5). and (6). All three of these dimensionless
parameters wilh be influenced by initial moisture conlent through its effect on
porous media properties K, and 5% as well as the initial condition (8, — 8,). Using
the concept of similarity developed by Miller and Milier (1956). N, Ry, and Rys
may also be scaled to yield the effecis of mean grain size and fluid properties
(Glass er al., 1989a). Models that relate mean grain size, grain size distribution,
and bulk density to hydraulic properties (¢.g. Haverkamp and Parlange, 1986) can
be used 1o demonstrale the effects of these on stability and finger propertics as
well,

It is also important to note that Ry and Ryr simply scale the flux through the
finger and finger velocity by the maximum value of each that may be attained for
a specific system under unit hydraulic head gradient. In Glass er al. (1989a,b)
these values were taken as K, and K,/(8, — 8,) respectively, yielding Equations (2)
and (3). However, because of other complicating effects such as air entrapment,
these values may be different and Ry and Ry, redefined accordingly-

3. Experimental Method

The special experimental methods and procedures developed for the study of
wetting front instabilily in two-dimensional slab chambers by Glass er al. (1989b)
were adapled for three-dimensional systems in the present study.

3.1. EXPERIMENTAL SANDS

The sands used in the experiments were generated from commercially available
while silica sand by mechanical sieving. The coarse bottom layer, in which fingers
were studied, was composed of 14 to 20 fraction sand (U.S. sieve series, 1.25 mm
to 0.7 mm). Finer top layers are also referred to by the sieves that define their
fraction. The sand was cleaned before and between uses with hot soapy water
after which it was rinscd thoroughly with tap water followed by distilled water.
The sand was dricd in an oven at 50°C and, because no effort was made 10 restrict
movement of waler vapor from the air into the sand after drying. the initial
moisture content, while not zero, was very close to zero. The grain size distribution
of the 14-20 sand used in these cxperiments was skewed toward the fine end
compared 10 the same 14-20 sand used in the two-dimensional study (Glass er al..
1989b) and thus measured K, and § were lower.
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3.2. EXPERIMENTAL CHAMBER, FILLING AND PACKLNG

The chamber consisted of wwelve 30 cm diameter nings 5 ¢m in height. The rings
were held between two 38 cm square aluminum end plates by four sets of cables
equipped with wrnbuckles attached 1o each of the plates which were tightened Lo
hold the rings in place (Figure la}. Four thin aluminum shims were placed beiween
the rings at each level in line with the four holding cables before tightening. These
were {0 create small cracks between the rings so that air could escape freely and
walter movement would not be affected by any inlernal air pressure buildup in the
chamber. The top plate had a 30 cm diameter hole corresponding 1o the chamber
diameter.

The chamber was filled through 2o extension consisting of three 30cm diameter
rings (Figure Ib). The top, middic, and bottom rings were 20, 30, and 10cm high,
respectively. Between the top and middle rings, a picce of perforated sheet metal
with approximately 4 mm holes was placed to reduce the sand fill rate. Between
the middle and botiom rings and the top plate, two fine (4 mm} wire screens were
placed 10 further randomize the falling sand. The filling apparatus was inseried
on top of the chamber and sand was poured inlo the top, maintaining the level
of sand in the filling extension higher than the perforaied screen so that an even
distribution of sand was ensured.

When filled with sand, the chamber was packed with a drop impact method
using a packing apparatus that lifted the chamber 1.25 cm and then dropped it 1o
the ground. After packing, the upper 30 cm of sand was removed as it was found
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Fig- la. Drawng of cxperimcatal chamber.

WETTING FRONT INSTABILITY IN UNSATURATED POROUS MEDIA 253

Fig. lc. Drawing of chamber drip section fiow dilnbutxon sampler.

1o be of a lower bulk density than below, where the bulk density was a constant
reproducible 1.59 giem?®. For the two-layer experiments, a thin picce of paper
towel was placed on top of the botiom tayer 10 ensure & sharp textural inlerface,
and the 1op layer was added and packed using the wraditional tamping method.
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1.3, DATA MEASUREMENT

To measure the cross-sectional area of fingers that formed in 2 particular experi-
ment, we relied on the fact that for coarse sands, the time scale for vertical finger
growth is much less than the time scale for horizontal finger widening. When an
experiment is sufficiently brief, measurement of finger cross-sectional areas by
disruptive sampling after the experiment leads only 1o slight overesumation of
finger dimensions. So that the wel regions could be easily seen, distilled water
with a low concentration of USDA Red #3 (0.025%) was used in the experiments.
The column was cut up rapidly afier an experiment to expose finger cross-sections
with depth, the surface was cleaned with a vacuum to remove sand that had been
moved during the slicing process, and finger cross-sectional areas were drawn on
acetate sheets, The areas of the individual fingers were then measured from the
drawings.

All experiments were conducted at a constant 20°C within a controlled environ-
mental chamber. The flow rate through individual fingers was monitored through
a*drip section’ that constituted the lowest section in the chamber. The drip section
was constructed oul of an array of 10 ecm high, 2.5 cm square tubes brazed together
into a checkerboard pattern. The tube array was installed on a slab of PVC that
formed Lthe bottom of the chamber around which was glued a 10 cm high ring of
the chamber PVC pipe. At the botiom of cach tube a brass nozzle containing a
wire screen was installed. The height of the tubes, 10¢m in this case, was higher
than the capillary fringe of the¢ sand in the chamber 50 that sideways movement
within the saturated zone that forms at the bottom of the chamber was restricted
and the flow entering the ube at the top could be measured. The drip section
allowed the monitoring of the flow distribution and its evolution in time through
the 97 ports {Figure Ic).

Finger tip velocity was measured electrically by using the finger as a switch. An
electrical potential was placed between the fluid at the 1op of the chamber and
the individual screens at the bottom of each drip section. The potential drop
across resistors connected 10 each of the 97 screens at the bottom was monitored
for all of the screens once a second using an analogue-lo-digital converter and
recorded on an IBM AT. When a finger tip arrived at the bottom of one of the
drip sections, the voltage would jump as the circuit was completed.

3.4. EXPERIMENTS CONDUCTED

Two types of experiments were conducted to determine finger velocity and di-
ameter in initially dry sand as functions of the dimensionless flux-conductivity
ratio, Ry. The first type were ponded, two-layer experiments with a fine-textured
layer overlying the coarse 14-20 sand. A series of four two-layer experiments was
conducted using three different top layers (see Table I) at a ponding level of 1.5
cm above the top sand layer. Only fingers that were isolated from the other fingers
could be used 1o determine relationships between Qf, Ry, d, and v. Because of
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Tuable . Three <imcensional two-laycr expenments

Eap. Top Fraciivn [ Number of Average Avciage
number layer of chamber {(mlimin) hngery finger tovgers
(Sicve @) occupicd arca vebousty

by Gingers {tm?) (em/min)

1 T40-200 0.4y . 3 vy *

2 14U-200 0.3 9.4 (] %] .

3 0-51) 0.53 It se . 45-50

4 100-140 0.32 9.4 3 6.3 15

* was nOt measurcd.
** coukd nut be measured.

the complicated patiern of interaction among the fingers that formed in 1he two-
layer experiments, a total of only 11 fingers from the two-layer experiments could
be considered isolated and yielded flow rale, velocity, and cross-sectional area
measurements. In addition, the flow rate through these fingers spanned only a
very narrow range of Ry (0.03 10 0.09).

To obwiin measurements that would give the behavior of d and v throughout
the full range of R, from 010 1, a second type of experiment was conducied where
individual fingers were formed from 2 em diameter tubes supplied by individual
pumps. Each tube was covered by a fine wire mesh and applied directly o the
iop of the botiom layer constituting area sources of known strength. A comparable
method was first used successfully by Saffman and Taylor (1958) in Hele-Shaw
cells 10 study individual fingers and later by Glass er al. (1987) to study two-
dimensional fingers in unsalurated porous media. Thus, the flow rate through the
finger, 4, was supplied directly and R, spanned the range from 0.18 to 0.94.
Thirty-one fingers were simulated in the area source experiments, yiclding in
combination with the two-layer experiments a total of 42 individual fingers to
evaluate the functions of R, in Equations (3) and (5).

4. Resulis

The chamber-scale results of the two-layer experiments are presented in Table L.
Figures 2a and 2b show chamber cross-sectional drawings of wet regions (shaded)
with depth for experiments 1 and 3. Figure 2c shows a photograph of one of the
10 cm sections after it had been removed and some of the dry sand blown away.
The fingers are seen o be fairly uniform, vertically standing cylinders. In a very
homogencous porous media, fingers meander only slightly in the horizontal and
thus merger is less imponant than in more helerogencous malerials. However, we
also find that many fingers form in a2 homogeneous media and as fingers become
wider, interaction between fingers cannot be ignored. This is seen in the high flow
rate experiment (experiment 3, Figure 2b) where many large fingers ran next to
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Fig. 2a. Chamber cromesectional arca drawings with depth showing hiogens (shaded regions) for
cxperiment 1. Depih from weaiud interface u: (a) W0 cm, (b) 20 6m. {¢) 30 cm, and (d) #cm.

each other and it was impossible to find isolated fingers from which 10 obtain
measurements.

Table I suggests, while not conclusively because of the small number of experi-
ments performed, that an increase in flow rate through the system, and thus R,,
increases the fraction of the chamber occupied by fingers and the average d and
v of the fingers, but has little effect on the number of fingers that form. This same
resull was found carlier for two-dimensional sysiems (Glass er al., 1989b).

On the scale of individual fingers we look for relationships between finger width,
velocily, average moisture content. Qy and R, Figures 3, 4, and 5 show the effect
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Fig. Ib. Chamber cruss-secliondl arca drawings with depch showing fingers (shaded regwns) for
caperiment 3. Depth from texiural inlerface is: (1) Wcm, (b) 20 cm, () 30 cmn, and (d) W cm.

of O, on the finger velocity, average moisture content, and diameter, respectively.
The average moisture content for a finger may be calculated by dividing the flow
rate through the finger by the volume wetted per unit time caleulated from the
average velocity and cross-sectional area of a finger. The plois show that finger
velocity, average moisture content, and diameter all are higher when Q. is higher.

The stope of the finger vetocity versus Q- plot steadily decreases as Q, increases
and is expecled Lo approach asymptotically the saturated pore velocity given by
K., /(8, — 8.), as was the case for iwo-dimensional fingers. The relationship between
finger velocity and R, is found to be a straight line throughout the (ull range of
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Fig. 2¢.  Photograph of a 10em high section temoved from the column after the dyved wet region was
drawn (shown in Figures 2u.by. The photograph was taken from approximately the & o'clock positton
ol Frgure 2a.b.

R, explored in the experiments with the least squares best fit line given by v =
45.39R,. + 11.4 and an 7 coefficient of 0.97. The velocity evaluated at Ry = 1 gives
the value v approached asvmptotically in Figure 3 to be 56.8 cm/min. This value
is near but 7% less than the value calculated from measured K, (24.7 cm/min) and
the porosity (calculated from the average bulk density to be 0.40) of 61.8 cm/min,

The average moisture content shown in Figure 4 increascs rapidly at low Q4.
then levels off and. based on the results in two dimensions. should approach #,.
which should be near the porosity, at high Q. However. the asvmptote shown
in Figure 4 of 0.30 is 25% lower than cxpected. In combination with the lower-
than-expected maximum finger velocity shown in Figure 3. the results suggest that
air entrapment may be removing pores from participatton and thus plaving a role
in the phenomenon. With this in mind. we take the maximum moisture content
of a finger from Figure 4 and denote it as af, with the corresponding maximum
conductivity vK, = K(a#,). These maximum values now replace 6, and K| in
Equations (1) through (7) except where the ratio S¥/K,(f, — #,) occurs. as this
combinalion s not very sensitive to the moisture content in the finger (Glass er
al.. 1989a). The factors e and y account for the ¢tffects of air entrainment and are
included with 8, and K,. respectivelv, evervwhere the flux through the finger or
finger welocity is weighed against the maximum flux (yK.} or velocity
(vK./(a6, — 6,)) under unit gradient. respectively (i.e. in the definitions of R, and
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R,,). Thus N retains its former definition while R, and Ry, will heaceforth be
redefined as g, /yK, and v(ab, — 8.}/ yK,, respectively.

Figure 6 shows finger cross-sectional ar¢a Lo increase lincarly with (2,. This
linear relation belween finger cross-sectional area, A, and the flow through the
finger, given by

A=mQ, +b, (8)

may be used to fAind the form of f(R,) in Equation (3). As Q) becomes large,
b, may be neglected and we find Vm, = Q+/A. Because 8 approaches a8, and v
approaches yK, (a8, ~ 8,) for Qf large, then QA must approach ¥k, for Q,
large. Thus m, = I/¥K, and

a=254y, 9)

K,

Writing Equation (9) in terms of the nondimensional finger flux-conductivity ratio
R, pives

A=t

=—1 10
1-Rs o

The finger cross-sectional arca may be related to the fnger diameter by d=
2(AS7)? s0

72
almw] w

Evaluatng (11) and (3} for Ry at 0 yields b, as
b =[5 ol
S vl a2)

where f,40) is the value approached by fur for Ry small. K, was measured for
the 14-20 sand using the constant head method (10 be 24.7 cmvmin. The value of
the square of the sorptivily evaluated between 8 and 8, at a polential of zero, S3.
was measured through a vertical infiliration experiment using an adaption of the
method of Talsma (1969) proposed by Parlange et al. (1988). For this coarse sand,
the method resiricled experiments 10 small initial heads (5-10 cm) and short times
(1-10 sec) thus increasing experimental error. The average 5§ value measured in
six experiments was 64.8 cm¥min with a standard deviation of 16.5. The value of
S with a supply pressure of ¥, may be calculated using the approximate formula
for S, of Parlange (1975).

S3=SQ—2KJ¢-1(8I_8I) (13)

Y. was estimaled gravimeirically from a vertical rise experiment lo be —3cm.
With ¢, taken to be zero and 8, as 0.40, 52 is calculaled to be 5.5 cm?/min. A least
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squares best fit line 10 the data in Figure 6 gives the slope, m,, as 0.059 and the
intercept, by, as 4.10 with an 2 coefficient of 0.993. The vulue for yK, obiained
from the reciprocal of m, is 16.9covmin which yields a ¥ of 0.68. Taking 6, as
ze10, f4{0) is calculated from Equation (12) to be 4.1. Thus in the form of
Equation (3),

s O B
d'“x.(a.—a,)[_—l—n,] . (14)

A plot of observed d versus Equation (14) is shown in Figure 7. it should be noted
that while b, is given precisely by Equation (8), the difficulties of measuring S? in
coarse sands causes the value of f4(0) in Equation (12) to be known much less
preciscly.

The product of finger cross-sectional area and velocity ploited versus the flow
raie through a finger is seen in Figure & 1q also be a straight line. This lincar
relauon given by

AV_”IIQF"'bz (15)

may be used 10 obtain v in the form of Equation (4). As in Equation (8), when
{2~ becomes large, b; may be neglected and Q= Av/m;. For large Q, the moisture
content in the finger approaches af, so that Qr= Av(ab, - 6,) and thus m; =
L/(«8, — ;). Substitution for m; and rearrangement gives

v-—-—ir——+ﬁ. (16)
(abi-8) A
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o

L T T T T T T T
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Fig. 7. Observed Anger dismeter. d, versus Equation (14). Line thows onc-10-0n¢ correspondence.
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Substitution of Equation (10) for A yiclds

o9 B o ' 17
V= an-6) b RA (7

Written in the form of Equation (5),

__ YK [bilab ~86) __bz(aa,-a.)] 8
YT et - )l bk, +“*(‘ biyK, ) (%)

While it is clear that finger velocity will be z¢ro when R, =0, our data suggest
that for R, small but positive v approaches a limit v, which i$ nonzero. The
constant bz should be a product of the minimum finger arca given by b, and v,
given by

po = 27K (19)
(af, -6}
where C; is simply a factor that reduces the maximum velocity 10 V- Thus
vy
by=b,C;——— 20
2 1%2 (aG‘ — ﬂ,) ( )
and substitution into (18) yields
¥K,
=———[C:+RA1 - )] 21
v [a&,—ﬂ,]l 2+ Ryl 2| #1)]
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Fig- 9. Observed fager velocity, v, verun Equation (21) . Line shows onc-to-one cormespondence.

A lcast squares, best-fit line to the data in Figure 8 gives m; as 3.36 and b; as
$2.23 with an 7 of 0.998. Thus, with a6, as 0.30 and with the values of K, and b,
given above, C; is calculated 1o be 0.23. A plot of observed v versus Equation
(21) is shown in Figure 9.

S. Discussion

The maximum moisture content, maximum finger velocity, and maximum flux
through the finger as given by the reciprocal slope of the line ia Figure 6 are all
less than the values expecied from the results of the two-dimensional experiments,
8, K./(8,— 0,), and K,, respectively (Glass er al., 1989b). Error in the measure-
ment of finger cross-sectional area (probably overestimation) and finger velocity
{probably underestimation) for three-dimensional fingers is much greater than for
two-dimensional fingers. While adjustment of the measured values in the proper
direction does increase both « and ¥y, corrections 0 make them both 1 lead 10
nonphysical resulis (a 6, of approximately 0.46). Thus, it is much more likely
that three-dimensional fingers arc affecied by air eatrapment while those in two-
dimensional systems are not. The effect of air entrapment is easily accounted for
in the equations for d and v (Equations (14) and (21), respectively) through the
factors a and y. It is not known whether a and y could be measured independently
or will have to be measured from fingering experiments. Much additional experi-
mentation is required 1o resolve the effects of air entrapment; however, this is
true for stable infiliration cases as well.
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Through experimentation in unstable two-dimensional flow fields as caused by
a finer tayer overlaying a coarser layer, Glass ef al. (1989b) evalualed the functions
Fas{R.) and f,.(R,) for iwo-dimensional fingers yielding

dya = Cizg— ! 2)
24 = '“K,(G,-B.)[l-ll,] (22)
and
Vag = £, [Cra t RAY—C )j (23)
2 (0._0‘) rd * re 0% 1

where C2, was found 10 be 3 and Czg 10 be 0.1 and the subscript 2d denotes
two-dimensional.

The functional form of the dependence of finger width and diameter on R, in
two and three dimensions is seen lo be different by a power of one-half as
finger width goes as (1 — R,)~" (Equation (22))} while finger diameter gues as
(1 - R,)~"Y2 (Equation (14)). However, because in two-dimensional systems, ail
definitions are per unit thickness and not per unit area, finger width may be
considered an area per unil thickness and soin comparnison with Equation (10),
the cross-sectional area per unit thickness in two dimensions and the cross-sectional
area in three dimensions have the same behavior in Ry.

The behavior of finger velocity with R in two- and three-dimensional systems
is seen 1o have exactly the same form when written with respect 10 the maximum
and minimum finger velocity. C; and Cyzg are simply the ratio of the minimum
finger velocity lo the maximum finger velocity, This ratio and the maximum
velocity are different for two- and three-dimensional fingers with air entrapment
again playing a role.

With d given by Equation (14), Equation (6) may be written to yield the stability
condition

L,<d (24)

As discussed earlier, to apply Equation (24) easily, a relation 'f needed for 8 as
defined in Equation (7) so that Equation (14), now writtcn for 4, may be written
in terms of gs. In two-dimensional homogencous systems B is found experimentally
10 be

B=1R,, (25)

where R, is defined with g5 While the two-layer data for the current experiments
are 100 limited to allow an independent determination of a relation for g, a value
of B calculated from Equation (25) for cxperiments 2 and 4 show Equation (25)
to be a factor of 3 1o 4 100 high. Equation (25), however, was found for the two-
dimensional case lo overestimate 8 for very small Ry as il was in experiments 2
and 4 (0.05 and 0.06, respectively). It is clear that additional experimentation with
full unstable flow fields is required to resolve the formulation for 8.
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The linear stability analysis of Parlange and Hill (1976) yielded a relation for
the expecied 1wo-dimensional finger width that is neur 1o the behavior found
experimentally in Equation (22). Guided by experimental results, Glass er al.
(1989b) reinterpreted the analysis of Parlange and Hill and incorporated the
experimentally determined relation for 8 (Equation (25)) to obtain Equation (22)
with C; as =, thus showing close correspondence between linear stability theory
and experiment for iwo-dimensional fingers in isotropic, homogencous, porous
media. Similar analysis applied 1o three-dimensional fingers 10 determine the
constant in Equation (14) requires proper representation of finger geometry and
will be presented in a subscquent paper.

While Equations (14) and (21) describe well the dependence of d and v on R,
respectively, the scaling factors for cach given by S$¥[(a8,—6)yX,] and
vK./(a8, — 6,) must be venificd. This may be accomplished by systematically vary-
ing the propertics of the botiom layer. Thice-dimensional studies such as this one
are cxtremely labor intensive compared to two-dimensional studies. Because we
now have the relationship between two- and three-dimensional formulations for
d and v as functions of Rz, scaling verification may be most efficiently accomplished
through 1wo-dimensional experimentation.

6. Conclusion

For ponded infiltration into initially dry, two-layer sand systems where a fine-
rextured top layer overlays a coarse bottom layer, werting front instabiliry is
observed if the diameter of the sysiem is greater than the diameter of the fingers
that will form in the botiom layer. Through direct simulation of individual fingers
in & coarse bottom layer, the dependence of finger moisture content, Cross-sec-
tional arca, diameter, and velocity on the flux through a finger and the dimension-
less flux-conductivity ratio, Ry, is determined. A decrease in the maximum mois-
ture content and velocity approached by three-dimensional fingers over that
approached by two-dimensional fingers suggests air ¢ntrapment 10 be much more
significant in the former than in the latter. R as defined by the ratio of the flux
through a finger o the maximum flux under unit gradient is easily adjusted for air
entrapment effects. Finger cross-sectional area is found o be prportional to
(1= Rs)7! in three dimensions, while in two dimensions, finger cross-sectional
arca per unit thickness (finger width) is proportional to (I - R)~ . Finger velocity
for both two- and three-dimensional fingers is found 1o have the same dependence
on R when written in terms of the maximum and minimum finger velocities.
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